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SUMMARY 


The primary purpose of the present investigation was to determine 
the relation "between stresses and plastic strains of wrought alutnl-mnn 
alloys for three types of loading, tension, compression, and torsion. 

A secondary objective was to identify which assumptions of an ideal 
theory of elasto-plasticity are invalid for these alloys. 

It was found that universal stress-strain curves as predicted by 
the theory were not obtained with wrought aluminum alloys. The 
observed disagreement between theory and experiment was attributed to 
the invalidity of the assumptions of isotropy, constancy of volume, 
continuity of the metal, and linear stress-infinitesimal plastic strain 
relations. Fair correlation between the theory and experimental facts, 
however, was obtained with a cast and solution heat-treated 
R magnesium alloy which behaved isotropically during plaBtic deformat ion. 
Correlation with some of the aluminum alloys was obtained for the 
compression and torsion data when shear stresses were plotted as 
functions of effective strain, but no theoretical justification Is 
available at present for this anomaly. 


INTRODUCTION 


Theories of plasticity have been the subject of interest for many 
years. Early investigations were inspired principally by scientific 
interest in formulating the basic laws of plastic flow. More recently 
engineers and metallurgists recognized the value of a theory of 
plasticity for solving practical engineering problems. 

St. Tenant (reference l) as early as 1870 conducted investigations 
under conditions of biaxial stressing which indicated that 
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Inhere find Tgg are the two principal stressed, add S.y, 

and are the infinitesimal plastic Strains id the principal 

directionSi More recent investigations byLode (ref erence 2), Taylor | 
end Quinney (referehde 3) i and othera yield experimental results which 
were in Substantial agreement with the diatated of equation (l) 1 
Equation (l), however , merely related the ratios of small strains with 
the atate of streddj additional relatioria are required to characterize 
the work-hardened dtate Of the ffietali Jfadai (reference 4) suggested 
that if the odtahedral eiear dtredd id flatted as a function df the 
octahedral shear strain, a generalised work-4iardgrting curve ie obtained 1 
Prager (referenda 9) ^nd aleo £ensr add fellofflOn (referenda 6) suggested 
that the invariance of the Odtahedral- shear dtredd and odtahedral dhear 
strain lead to the Universality df the diifve for all Conditions of 
stress and strain 1 

During World War H, redeardh on the foriflability of metals was 
carried out tinder the sponsorship Of the Office of Scientific Research 
end Development and the War Production Board Of the Office of 
Production Research and Development , The primary purpose and immediate 
problem was to obtain empirical data Which could "be applied to 
production problems 1 A deCohd purpose was td develop a theoretical 
approach to plastic— forming problems dd that forming limits could be 
calculated Pram dimple arid easily obtainable dataj Ad a result of 
these investigations , a formal thedTjr df plasticity wad developed 
(referenced 7 to 9)* It id the pliipoSe of the predent investigation 
to compare the plastic behavior df aluminum alloys under several typed 
df loading with predictions based on this Simplified theory. 

The authors wish td thank MCi T| Robindon far hid invaluable help 
in Conducting the tests, and they express their appreciation td 
Jfessrdi w, Ei Reffiberton and Miller for their help in preparing specimens 
for tedtihgi This WdPk wad Conducted at the university of California 
under the sponsorship and with the financial assistance of the National 
Advisory C ommi ttee for Aeronautics < 
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infinitesimal total, plastic, and elastic strains , 
respectively 


T U 

iij 22, 33 

33, yy, 22 


true stresses 

subscripts for principal directions 

subscripts far normal stresses and strains on planes 
of first subscript and in dirsction of sscond 
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27, 7*3 
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ff 

E 

V 
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Pt- 

P 

X. 

to? DO# Ap 
7, P, A 


subscripts for pheap stresses and strains 
plastic effeptiye ©train 
tptpl effective strain 
effective stress 


inofluins pf elasticity 
Poisson’s ratip 
hydrostatic tension (i( T ^ 
strep© patip 
Streps retip £*3^34 
load 


7m + T yy + T ??. 


» 


initial gage length, di/ajneter ; and ppea, respectively 

instaptanepyie gage length, diameter, and area, 
respective!^ 


EIASTO-PLASTICITT TEP§OgY 


The theory pf elasto-plasticity hap been proppspd fear a material 
which hap the fplloylng idealised properties; 

(1) The material ip continuous 

(2) Macroscopic homogeneity 

(3) go Bpuschinger effect and elastic aftereffect 

(4) Time rate phenomena and creep Ape not prepent 

(5) Macroscopic isotropy 

(6) Yblume during plastic deformation remains constant 

With the assumptions of an ideal material the theory of plasticity 
requires a stress and a strain analysis. A stress analysis may he made 
hy applying the ordinary laws pf mechanics j and a strain analysis, hy 
applying Euclidian geometry, go assumptions other than those contained 
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In the lavs of mechanics and Euclidian geometry are necessary. Two significant invariant 
quantities result from these analyses, namely: 



( 2 ) 


p- 



vhioh is the quadratic plastic deviator strain. The functions o’ and ^ have teen termed the 
effective stress and effective strain, respectively, and differ by constants only from the 
octahedral shear stress and octahedral shear strain. Ear the complete formulation of a thoery, 
it 1 b necessary to establish a relation between the stresses and the infinitesimal strains 
the work of plastic deformation. These relations may be obtained by making two assumptions 
as follows: 

(7) The infinitesimal plaBtio strains are linear functions of the stresses, and the 
Infinitesimal elastic strains are linear functions of the Infinitesimal changes in stresses. 

(8) The work-hardened state of a metal depends only on the amount of work of plastic 
deformation and is independent of the stress or b train path employed. 
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Assumption (7) results in six plasticity equations of the form 



and assumption (8) leads to the universality of the effective stress- 
affective plastic strain relation 

3 = irfg) • ( 5 ) 

If the generalized Hooke* s lav is introduced by assuming that the 
ilastio properties of the metal are independent of plastio deformation, 

1 lx elasto-plastlc equations result. 
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where *33, e yy, e zzj 6 xy* 6 yz.» End e zx e^ 9 ucrw the total 
components of strain; = Pc 23; + E£ zx» ,,,,,,,, e £y = ^27 + 
• « • ^ a nd , • • 

and. 



is the total effective strain or simply effective strain.. The relation 
"between effective stress and effective strain ip 

a = a($) ( 8 ) 

and like the a — P 0 curve, it is a universal o' *■= ^ curve. 

Several methods may he employed to checjc the applicability pf the 
idealized theory of plasticity under special conditions . Lode (reference 2) 
and, later Taylor and Qulimey (reference 3) made combined stress studies 
with tubular specimens of various alloys and, plotted their results in 
terms of 



P p p 

where €n , e 22* an & e 33 are the maximum, intermediate, gnfl minimum 

infinitesimal principal plastic strains, respectively. If the plasticity 
equations (4) are rewritten for principal- stresses and substituted into 
equations (9), the linear equation 

U = V (10) 

is obtained. The results of Taylor and Quinney, given in figure 1, 
illustrate that the agreement between theory pnti experiment is not 
perfect. Prager (reference 5) suggested that the deviation from linearity 
between . u = v may be due to the presence of cubic and higher power 
terms of stress in the stress— strain relations, 

Davis (reference 10) measured the components of finite plastic 
strains of plastically deformed tubular specimens of mild steel under 
essentially biaxial stress. The loading was so regulated that approxi- 
mately constant stress ratios were maintained up to the point of necking. 
Under these conditions, the directions of principal stresses anfl strains 
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remain unaltered throughout the entire deformation. The Infinitesimal 
strain 623 011 a i'iter in the ^-direction at instant t, for example, 
is also the strain on the fiber which was originally in the x-direction. 


Thus, 



( 11 ) 


For these conditions the Six plasticity equations (4) reduce to ■ 


dP 011 = | ^( T ll ~ e ) 


4^022 = | ^( T 22 ~ 


^ 33 =|^> 33-0 

■where d^ 0 PP , and d^jLq are the Infinitesimal plastic strains 


( 12 ) 


Of fibers remaining continuously in the principal directions, denoted 
"by the subscripts 11, 22, and 33 * ®h© finite principal strains may be 

obtained by integration of equations (l2). 
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for essentially constant Stress ratios as used in the experiments 
Oh mild Steel by Davis, the following relations were maintained: 


TpH 

s~= so 6 = Oonstant 
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Substitution, of a and {3 = 0 into equation (2) yields 

a = - a + a s 

and therefore the plasticity equations (equations (13)) reduce to 


(15) 



(16) 


The effective plastic strain is obtained by integration of 
equation (3), namely, 

P 0 = ~ ? ^ 2 + fi *22 ~ % 3) 2 + (^ 33 - P q 


(17) 


The amount of plastic work resulting from plastic deformation under 
conditions that principal stresses result from the applied loads 1 b 
given by 



Substitution of a = Constant and {3 = 0 into equation (18) and the 
conditions given by equations (15) and (1 6), the plastic work becomes 



or 



Plastic work 


(19) 
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The amount of plastic work, therefore, is the area under a a — $ curve 
and only depends on the amount of deformation, that is, it is 

independent of the strain or stress path employed. 


When the general plasticity equations and assumption (8) are 
satisfied, a single a — ^0 curve is obtained for all conditions of 
stressing. The data of Davis (reference 10) far caref ully annealed 
mild, steel replotted in terms of effective stress and effective plastic 
strain up to values of strain at which local plastic flow or necking 
occurred are given in figure 2. Small deviations from the universality 
of the o — curve were obtained, but in general the agreement of 
theory and experiment is good. 


In the present investigation, the universality of the cr — f curve 
and hence the theory of elasto-plasticity is tested far several aluminum 
alloys from data obtained for three methods of loading: (a) simple 

tension, (b) simple compression, and (c) simple torsion. The 
experimental determination of the <f — 0" curves from each of these 
tests is given in the appendix. 


SPECIMENS AND MATERIALS 

The tension specimens were machined from ^-inch round bars to 

A.S.T.M standard specifications far 2-inch gage length, tensile test 
bars. The cylindrical compression specimens were 0.500 inch in diameter 
and 0.500 inch long, havi n g their axes coincident with the axes of the 
original, bars. In order to obtain the same sampling, the specimens 
were machined to the same diameter as the tension test bars. The torsion 
specimens are of a special design to fit the twist gage and torsion 
testing machine employed. The specifications of the torsion test bar 
are given in figure 3. 

The test materials were standard commercial materials in the form 
of polled round bars and heat-treated to various conditions. Table 1 
gives the 13 aluminum alloys selected and their nominal composition. 
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TABLE 1 

NOMINAL COMPOSITION CEP WROUGHT ALUMINUM ALLOTS 


Alloy 

Percent of alloying elements (aluminum and impurities 
constitute remainder) 

Copper 

Silicon 

Manganese 

Magnesium 

Chromium 

Zinc 

2S-0 







3S-0 



1.2 




17S-T 

ll-.O 



0.5 



24S-0 

^•5 


.6 

1-5 



24S-T 

4.5 


.6 

1.5 



2l»-S-T80 

^•5 


.6 

1.5 



24S-T86 

h.5 


.6 

1.5 



52S-0 




2.5 

0.25 


61S-0 

.25 

0.6 


1.0 

.25 


61S-W 

.25 

.6 


1.0 

.25 


6lS-T 

.25 ' 

.6 


1.0 

.25 


75S-0 . 

1.6 


.2 

2.5 

.03 

5.6 

75S-T 

1.6 


.2 

2.5 

.03 

5.6 


EXEEEOMENTAL EQUIPMENT AND TECHNIQUE 


Tension tests were performed in a Baldwin— Southward 60, 000— pound 
testing machine. The accuracy of this machine was approximately 
1 percent in load. The specimens were screwed into self-alining grips 
to assure axial alinement. The strains were recorded up to the yield 
strength of the material with a specially designed averaging 
extensometer . The extensameter had a gage factor of four and was 
equipped with a Last-Word dial gage with least divisions of 0.0002 inch. 
Es timat ing readings of the dial gage to the nearest 0.0001 inch resulted 
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in strain determinations to an accuracy of 0,000025 inch par inch. 
Extensometer readings were continued to total strains of approximately 
0.00075 inch per inch in order to establish the elastic portion of the 
stress-strain diagrams. Strains beyond 0.00075 inch per inch were 
measured with a special dial indicator over the 2— inch gage length to 
an accuracy of 0.0005 inch per inch. Beyond the maximum load, strains 
were calculated from measurements of the minimum diameter of the test 
bar;- a hand micrometer accurate to 0.0001 inch was used. Maximum and 
minimum diameters (diameters of necked section) ware measured in 
directions 90° to each other in order to detect possible anisotropy of 
the materials. Loads were applied continuously, and loads and strains 
were measured simultaneously. The rate of extension was approximately 
0.003 inch per minute of cross-head speed in the elastic region and 
0.010 inch per minute in the plastic region up to deformations resulting 
in fracture of the test Tjar, The rate of plastic deformation resulted 
in a rate of change of ^ of approximately 0.010 per minute. The 
rate of change of ^ with respect to time was approximately the same 
for the three different tests. 

The compression tests were performed in a compression fixture 
installed in a 60,000-pound Baldwin-Southwark testing machine. The 
compression fixture was constructed from a two-post die set with 
parallel ground anvils. All compression specimens were lubicated with 
a mixture of 1 pound of graphite per gallon of Bteam cylinder oil in 
order to reduce friction between anvil and specimens. The specimens 
were compressed in a step-by— step method. The diameters of the 
deformed specimens were measured in two directions at zero load to 
yield the mini mum and maximum diameters. Fresh lubricant was applied 
between steps. 

The torsion tests were performed in a special torsion testing 
machine with fixed alinsment between driving head and tailstock. A 
floating tailstock insured the elimination of a net' axial load on the 
torsion specimen. Torques were measured with a calibrated torsion 
bar, its twist being recorded by lever arm movement and dial gage. 

The accuracy of torque measurement was approximately 10 inch— pounds . 
Twists were recorded on a twist gage with a direct reading dial having 
least division of 0.50°. An additional vernier permitted twist 
measurements accurate to 1 minute to be recorded. The gage section 
was 4.125 inches long. The twist gage was equipped with axial 
measuring surfaces to permit measurement of axial deformation of the 
test bar at any stage of deformation. AH tests were run continuously, 
and torque and twist were measured simultaneously. 


EXPERIMENTAL RESULTS 


Figures 4 and 5 show the experimental nominal stresses and loads 
as functions of the natural strains for tension and compression. The 
natural strain has been defined in the conventional manner as the 
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logarithm of the original area divided by the instantaneous area 
(log 0 Aq/A) for tension and as the logarithm of the instantaneous area 
divided by the original area (log e A/Aq) for compression. Figure 6 
shows the experimental curves for torsion. The data are plotted as 
torque against twist per unit length of bar. The solid curves of 
figures k, 5 , and 6 represent the average results of at least two tests 
far each alloy and loading o condition. Tha experimental points below 
fracture are given as open oiroles, squares, and triangles, and the 
fracture conditions are indicated by solid symbols. The solid symbols 
representing fracture on the tension diagrams, however, do not 
necessarily represent the true fracture points but merely the conditions 
at which separation of the test bars occurred. The three all oys 2S-0, 
3S-0, and 52S-0, which show a sharp knee an the tension diagram during 
the final stages of the test, are known to have fractured prior to 
separation. This confirmation has been obt ain ed by means of radiographs. 
Tensile bars of these alloys were pulled in successive stepB during 
necking of the bar to permit radiographing the necked bar. It was 
observed that fracture occurred in the center of the bars at conditions 
approximately represented by the discontinuity of the solid tension 
stress-strain curves. Ho direct evidenoe is available for the other 
alloys, far it was impossible to stop the tension tests during the final 
stages of necking. 


The effective stress-effective strain curves for tension, compression, 
and torsion, as calculated from the experimental data for the 13 aluminum 
alloys Investigated, are given in figures 7 to 19 . The method, of 
calculation for the effective stress-effective strain curves is given 
in the appendix. Each curve represents average values of a and ft 
as calculated from two or mare individual testB. For the tension data 
two curves are given, a nominal tension curve and a corrected tension 
curve. The nominal tension curve was obtained under the assumption that 
during neoking the stress is given by the load divided by the instantaneous 
area in the neck. It Is known, however, that necking introduces a state 
of combined stress and, therefore, the tension stress calculated under 
the foregoing assumption Is in error. Bridgman (reference 11 ) suggested 
that the effective stress over the minimum section of the bar is 
constant and that an approximate true effective stress may be calculated 
by the equation 


'corrected 


L/A 




( 20 ) 


where 

L applied load 

A minimum area in neck 
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a radius of neck measured at right angles to axis of test tar 

R radius of curvature of neok measured parallel to axis of "bar 

la order to apply equation (20), it was necessary to measure the radius 
of ourvature R for various values of a. These values were obtained 
from tension "bars for each alloy by successive load in g and unloading. 
Between steps, the tension bars were removed from the testing machine, 
and the radius of curvature was measured in a Bausoh and Lamb contour 
projector with a magnification of 50. The correction as given by 
equation (20) was then applied to the uncorrected a obtained from 
the average data of continuous tension tests at equal values of 
effective strain. It may be observed from the several figures that 
for some alloys, the corrected and uncorrected tension curves deviate 
from each other before the maximum load is reached (maximum loads are 
indicated on the uncorrected tension curves by M.L.). This an omaly 
has not been fully explained but may be caused by the initial taper 
present in the bar. It was observed that several of the soft aluminum 
alloys exhibited a gradual taper over the gage seotian before the 
maximum load is reached. 

Figures 7 to 19 reveal that the <j — <f curves for each alloy 
differ for the different methods of stressing. The torBian curve is 
below the tension and compression curve for all alloys. The slope of 
the torsion curve for large values of $ in general approaches zero; 
this indicates that the rate of work-hardening diminishes. For small 
strains, the compression curves of all alloys except 52S-0 and 6lS-tf 
are above the tension curves; for 52S-0 and 6lS-W alloys the order 
is reversed. For large strains. Idle Blopes of the compression curves 
in general decrease; for several alloys the compression curves fall 
below the tension curves. Alloys 24S-T80 and 24&-T86 yield curves 
in compression, as shown in figures 12 and 13 , respectively, having 
negative slopes in the early stages of plastic deformation; at large 
strains, the slopes beoome positive. The Bridgman, correction lowers 
the tension curves but fails to yield coincidence with the torsion or 
compression curves for all alloys. 

It is interesting to note that the stress— strain curves of 
figure h reveal same significant differences between the 24S-T8 series 
and the remainder of the alloys. All the stress-strain curves, except 
those for the 2kS-T8 alloys, appear to form a homologous series. Those 
which have higher tensile strength also show correspondingly greater 
decreases in flow stress with strain beyond the uniform strain. 

The 24S-T8 alloys, however, exhibit an anomalously great decrease in 
flow stress with strain beyond the uniform, and, therefore, their 
curves interseot those belonging to alloys from the homologous series. 
This effect is more pronounced in the 24S-T86 alley than in the 
2 J+S-T 80 alloy, this fact indicating that it may be associated with 
the degree of prestraining preliminary to the artificial aging 
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treatment for -making the 24&-T8 series. The compression and torsion 
data recorded in figures 5 and 6, respectively, also reveal that all 
alloys except the 24S-T80 series form a more or less homologous set. ( 


DISCUSSION 


Figures 7 to 19 reveal that the a — ^ curves for the various 
aluminum alloys were unique for each method of straining. Inasmuch 
as the theory of plasticity demands universality of these curves for 
any particular alloy, it appears that some of the assumptions 
contained in the theory are incorrect for plastic deformation of the 
ftlurnlTram alloys under consideration. A critical review of the 
assumptions, therefore, is required to isolate the factors contributing 
to the observed disagreement between theory and experiment. The 
assumptions stated previously are considered in detail in the following 
paragraphs. 

(1) The medium is continuous. This assumption is usually made in 
treating mediums in certain branches of science, such as hydrodynamics. 
For metals this assumption may not be valid, since microdiscontinuities 
usually exist, such as dispersion of hard brittle phases in a ductile 
matrix. Microcracks are another possible type of discontinuities in 
metals. 2h the case of aluminum alloys, density changes observed for 
the 6lS-T alloy during plastic deformation may be due to the presence 
of microcracks. 

(2) Macroscopic homogeneity. Metals in general are not 
microscopically homogeneous, but their elastic and plastic properties 
are substantially the same when averaged over small regions about 
each point at identical states of work-hardening . The assumption of 
macroscopic homogeneity, however, is not completely fulfilled by 
metals. The formation of Lueder’s lines and necking observed in a 
tension test are examples of nonhomogene ous deformation. No attempt 
was made to test macroscopic homogeneity in the present investigation. 

(3) No Bauschinger effect and elastic aftereffect. Elastic after- 
effects are amaH relative to large plastic strains and therefore are 
not believed to be important in the present study. Since all tests, 
except one to be discussed later, were conducted without reversal of 
stressing, the Bauschinger effect was absent in the present study. 

(lj.) Time rate phen omena and creep are not present. At 
elevated temperatures, rate phenomena assume paramount importance, 
whereas at lower temperatures the work— hardened state is the more 
significant factor. Bate effects and time effects (creep) appear to 
influence the plastic deformation little, if the metal retains the 
cold-worked state. This is substantially true for aluminum alloys 
deformed slowly at atmospheric temperatures. Furthermore, an effort 
was Tnnflft to maintain approximately the same strain rate in all tests. 
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(5) Macroscopic isotropy* Macroscopic isotropy is seldom present 
in real metals. A metal may "be isotropic initially "but during plastic 
deformation develops various types of anisotropy depending on the kind 
of loading and the extent of deformation. Wrought metals exhibit 
anisotropy because of preferred orientation of grains and mechanical 
fibering of the various phases present, and they develop additional 
anisotropic characteristics as the metal is deformed. The assumption 
of isotropy is possibly the weakest part of the theory. The data 
obtained for aluminum alloys when tested in compression and tension 
revealed that anisotropy was present during plastic deformation. 

Gross sections of the test bars initially round became elliptical in 
the deformed bar. 

3n order to test the applicability of the ideal theory to an 
isotropic material and possibly to isolate anisotropy as a factor 
contributing to disagreement between theory and experiment, it is 
necessary to investigate the plastic behavior of isotropic- metals. 

Such metal was available in carefully cast specimens of B magnesium 
alloy. Tension, compression, and torsion tests were, therefore, made 
with this alloy in- the as-cast and solution heat-treated conditions. 
Agreement of the or — ^ curves is fair, as revealed in figures 20 
and 21. For example, the deviation in stress at values of ^ = 0.05 
from a mean value for the solution heat-treated alloy is approxi- 
mately ±3 percent. At greater effective strains the deviation 
increases. In general, however, the agreement between theory and 
experiment is fair for the cast and subsequently solution heat-treated 
E magnesium alloys. Agreement obtained with these alloys, however, 
does not establish anisotropy as the main factor contributing to the 
disagreement obtained with aluminum alloys. It is necessary, therefore, 
to examine the aluminum-alloy data in greater detail. This may be 
accomplished by analyzing the torsion data. 

If a solid oircular cylinder is subjected to simple torsion, the 
deformation may be described by the transformation of a point at r 0 , 

0q, and zq initially but at instant t at point r, 0, and z, 
namely. 


r «= r. 


8 = 9 q + z 0 t 


z = z 0 


where 

r radius of a point initially at r Q 
0 angular displacement of point initially at 0 q 
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z distance of point along coordinate axis initially at point z q 

t extent of deformation; twist In radians per unit length of "bar 

The transformation as given hy equation (21), therefore, describes 
deformation hy «ngui displacements of points lying in planes 
perpendicular to the axis of the cylinder. Fibers in a test bar 
originally alined with the spec imen axis suffer deformation by twisting 
only, «nd no changes in dimensions of the bar occur. B magnesium alloys, 
■within the accuracy of experimental measurements, are known to follow 
the foregoing deformation. In the case of the aluminum alloys, however, 
twisting of axially alined fibers was accompanied by dimensional changes 
of the test bars. The experimental evidence is presented in figure 22. 

Tn order to account for this anomaly, the equations relating stress and 
strain of the present theory must be reexamined. 


'PVio assumed linear relation between stress and infinitesimal 
plastic strain results in the following six equations: 


P e xx = dAjjLTQ. + dA^ryy + dA 13 r zz + dA^Tjy + dAi 5 r yz + dAigr^" 


P «yy =aA 21 r 33; + dA^Tyy + 


€ zz =dA 31 T zx + 

• • • + • 

• t + • 


II 

• 

• 

• 

+ 

• 

• • 4" • • 

• + • • 

• + • • • + • • m 

1 

6 =#••+• 
yz 



• + • • • + • • • 

€ zx ~ ^6l T xx + 

+ dA 63 T zz 

+ dAg^T-^y + 


( 22 ) 


Tn these equations, the linear relations are characterized by 36 moduli 
of the form dA^j. The infinitesimal 

analogous to the moduli of elasticity, and they have di me nsions of 
infinitesimal strain divided by stress. For isotropic materials, 
equations (22) reduce to equations (4). If simple torsion is considered, 
all stresses of equations (22) vanish except the shear stress T^y, 


moduli dAjj are parameters 


which is Induced by the applied torque. The six plasticity equations, 
therefore, reduce to 


Pe 2X “ 

Pe yy “ cLa 2^ T *y 




P 

e yz 



iA 54 1 xy 

dA61|. 1 3y 


( 23 ) 



NACA TUT Ho. 1552 


17 


The reported change in length during twisting demands that the 
modulus dAy^ exist. Additional studies on reversing the direction 

of twisting yield the results recorded in figure 23* These data prove 
that dA-jjj. is a complicated function of the' previous strain history. 

Imme diately upon reversal of the stress, the magnitude of cLA-jj^ changes; 

hut as deformation continues in the new direction of twisting, the 
value of dA^jj. changes magnitude and sign. The incorporation of such 
facts in any simple theory of plasticity will indeed he difficult. 

Figure 22 shows that continuous twisting of solid aluminum-alloy 
hars results in extensions of the bars, the magnitude of which depends 
on the amount of twist and the kind of alloy. The slopes of the curves 
give a measure of the anisotropy present at any stage, and the rate of 
change of the slopes,, the. change in the anisotropy of the alloys. 

Slopes which are zero initially indicate zero initial anisotropy of the 
materials, for examp le, 3S-0 alloy; slopes greater than zero indicate 
initial anisotropy of the materials, such as 6lS-T alloy. A constant 
slope throughout the test, for example, the curves for 61S-T alloy, 
indicates constant anisotropy throughout the deformation. A changing 
slope indicates changing anisotropy of the alloy. Alloy 3S-0 
accordingly is isotropic Initially hut develops anisotropic character- 
istics at large deformations. 

(6) Volume during plastic deformation remains constant. It is 
usually accepted that volume changes during plastic deformation are 
small. The present theory of plasticity can he. modified to incorporate 
volume changes, hut the equations become more complicated. In order 
to test the applicability of the assumption of constancy of volume, 
the density of 6lS-T alloy was determined for several conditions of 
deformation. The results are shown in figure 2k. The experimental 
values for the compression curve were obtained with the same test bar 
at various stages of deformation. The tension values were obtained 
from three sections of a deformed tension bar; density at the 
largest corresponds to the density of the necked region. For the 
torsion points, only two values were available, the density of the 
undeformed bar which was obtained from the grip section and that of 
the deformed bar from the gage section of the bar. The density value 
of the deformed torsion bar refers to a ^ which corresponds to the 
outer fiber strain and is not directly comparable with the other test 
results. Variations of density of the several undeformed test bars, 
corresponding to the exper iment al points at ^ = 0, were small when 
compared with the density changes observed in the deformed bars. It 
is evident, therefore, that volume during plastic deformation depends 
on the extent and kind of deformation. The density measurements, 
inoonplete as they are, indicate that the assumption of constancy of 
volume may not be realized. 
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Iel order to explain the phenomena of density variations during 
plastic deformation, a miorocrack hypothesis may he postulated. Random 
microcracks present in the initial "bar, for example, would tend .to 
enlarge dur ing tensile loading. In compression loading, however, it 
is possible to visualize a partial closing of these cracks, thus 
accounting for the observed trends in density with straining. Such 
differences in density change and their possible association with 
microcraoks may well induce differences in the a — ^ curves for 
tension and compression. 

(7) The Infinitesimal plastic strains are linear functions of the 
stresses. The assumption of linearity between stress and Infinitesimal, 
strain leads to a desirable simplification of the plasticity equations. 
The observed deviations in the a — curves of solution heat-treated 
R magnesium alloys may possibly be due to this oversimplification of 
natural phenomena. Prager (reference 5) suggested that a power series 
in stress in the stress-strain relations applied to some experimental 
combined— stress data gave better agreement than the linear relation. 
Inasmuch as a lin ear wferwaa — infini te nlTna.1 plastic strain theory leads 
to desirable simplifications in describing the plastio— flow phenomenon , 
it should be retained at present until such time as this hypothesis 
becomes untenable. 

It Is interesting to note that closer agreement between the torsion 
and compression data is obtained when shear stresses are plotted as 
functions of effective strain. The order of relative agreement is shown 
in table 2. 


TABLE 2 

RELATIVE AGREEMENT BETWEEN TORSION AND 
COMPRESSION CURVES OF ALUMINUM ALLOTS IF BATA ARE 
PLOTTED AS SHEAR STRESS AS A FUNCTION OF EFFECTIVE STRAIN 


Good 

Fair 

Poor 

2IJ-S-0 

61S-0 

24S-T86 

75S-0 

2S-0 

3S-0 

24S-T 

2ifS— T80 • 

52S-0 

17S-T 

61S-W 

61S-JT 

75S-T 


The poorest agreement between the shear stress against effective strain 
for any particular all oy is better, however, than that of the a — 0 
curves. This anomaly cannot be explained at present, as a shear stress 
theory would lead to a ncnsymmetrical theory. 
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CONCLUSIONS 


1. The idealized theory for plastic deformation of work— 
hardenahle metals is fairly valid for some applications. For example, 
tension, compression, and torsion curves for initially isotropic 

B magnesium all oys and for 2S-0. 52S-0, and 61S-W alloys are suitably 
correlated by this theory for strains up to about 0 . 06 . 

2. The idealized theory for plastic deformation of work— 
hardenahle metals does not provide an accurate basis far analysis of 
wrought aluminum alloys. Tension, compression, and torsion data 
obtained for 13 aluminum alloys do not correlate well with analyses 
based upon the theory. 

3 . Anisotropy of plastic deformation, discontinuity of the 
structure, and density variations with deformation and type of loading 
probably contribute to failure of the theory. 

4. Other factors such as the assumption of linearity between 
stress and infinitesimal strains may also contribute to failure of 
the theory. 

5 . Correlation is obtained between torsion and compression data 
for a few of the aluminum alloys tested, if the maximum shear stress 1 b 
plotted- as a function of the effective strain. Theoretical Justification 
for this method of correlation, however, has not been established. 

6 . No general theory is available at present to correlate the 
plastic flow of metals. 


University of California 

Berkeley, Calif., liar oh 26 , 
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APPENDIX 

CALCULATION OF EEEECTI7E STRESS AND EFFECTIVE STRAIN FROM TENSION, 
TORSION, AND COMPRESSION DATA OF CIRCULAR SOLID BARS x 

Tension Test 


effective stress cf of equation (2) in the text reduces to 


_ _ L . kL frL 

zz A rfDjnax ^min 


(Al) 


where 


zz 


L 

A 

D 


Atiat j ®min 


axial true stress 
applied load 

instantaneous area of "bar at load L 

Instantaneous diameter of "bar measured under load L 
for isotropic deformation 

-mairTTnim and urirrfTmnn diameters of test "bar, respectively, 
under load L for anisotropic deformation 


effective strain jT is composed of two parts as given "by 
equation (7) of the text 

and for the case of Bimple tension reduces to 

?=108 *(|) + 


(A2) 


■where 

2q initial gage length of bar 

^*2 gage length of deformed bar after removal of load 


Inasmuch as extension measurements of the bar up to the m a ximum 
load were made under load, it is necessary to introduce 2, the gage 
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length of the bar at load L, Into equation (A2). Substituting 
-H> •^2 Into equation (A2) results In 


^ l 0 Be (t) + Ia ^ 15 


(A3) 


and all quantities are determinable. 

Extensions "beyond the maximum load are unsuitable for calculating 
the effective strain, and therefore diameter measurements at the 
minimum, section of the "bar were substituted. If D and -^D are the 
diameters under load and after release of load, respectively, the 
relation "between 3) and is 

D = (l — V^D (JUO 


Far condition of constancy of volume the plastic effective strain 
"becomes 


V 


Substituting equations (Ah) and (A 5 ) in equation (A2) yields 


P 0 - log e (x) = 2 lQg e (^) = log e 


0 = log, 


e ^^mar ^nrln) 


+ (2 - V) ^ 
3E 


(A5) 


(AS) 


All quantities for the construction of a a — ^ curve as given "by 
equations (Al) and (A2) or (AS) are available from measurements. 


Compression Test 

The effective stress is calculated from the expression 


- = hL m fe 


(A7) 


P 

where L is the load reached Just before reducing it to zero and D 
is the diameter after the load has been released to zero. The 
quantities L and -^D are measured in this test for various increments 
of load. The use of equation (A7) results in a small error of ff 
because of neglecting the elastic correction on the cross-sectional 
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area. The effective strain as given "by equation (3) of the text 
reduces to ' 



+ 2i±+.y) 3 

3E 


and all quantities are determinable. 


(-AB) 


Torsion Test 

The effective stress for a solid cylindrical her loaded in torsion 
(reference 12) reduces to 


a = 



dT 

dt 



and the effective strain 




(A9) 


(A10) 


vhere 

Eq initial radius 

t twist in radians per unit gage length 

T torque, inch-pounds 

The value of a of equation (A9) may he readily calculated from, a 
plot of the experimental torque— twist curve. 
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Figure 1.- Combined stress studies by Taylor andQuinney. 



Figure 2.- Combined stress studies with tubular specimens of 
mild steel by Davis, t axial stress; t , hoop stress. 
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Figure 7.- Effective stress -effective strain curves for 2S-0 a luminum alloy. 
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Figure 9.- Effective stress -effective strain curves for 17S-T 

aluminum alloy. 
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Figure 11.- Effective stress -effective strain curves for 24S-T 

aluminum alloy. 
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Figure 17.- Effective stress -effective strain curves for 61S-T aluminum alloy. 
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Figure 23.- Axial strain of 61S-T alu minum alloy subjected to 

reversal of torque. 



